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Receiving a motivation from the foundations of quantum mechanics, we introduce and 
investigate four classes of orthomodular posets. We analyse the interrelations of these classes and 
construct examples of orthomodular posets with rather special sets of measures. 
Introduction 
An event structure (or so called ‘logic’) of a quantum-mechanical system is 
commonly assumed to be an orthomodular poset L (see Es], [lo], etc.). A state of 
such a system is then interpreted as a (probability) measure on L. It turns out that 
the orthomodular posets which may potentially serve as ‘logics’ must have 
reasonably rich sets of measures. The purpose of this paper is to investigate such 
orthomodular posets. 
We can classify orthomodular posets by the extent to which their intrinsic 
properties are ‘carried’ by the space of measures. For instance, we may or may not 
be able to recognize in such a way if two elements of L are comparable (see [5] - 
order determining set of states) or, in a stronger case, if they are compatible. To 
three classes of orthomodular posets obtained in the above indicated manner (and 
known in explicit or implict form from the quantum mechanical literature - see [S]) 
we add another one whose definition also came into existence through a quantum 
mechanical treatment (see [8]). An orthomodular poset L is called regularly full if 
for any two noncompatible lements a, b E L and any e > 0 there exists a probability 
measure m on L such that m(a) = 1, m(6) L 1 - e. Our main intention is to discuss the 
properties of the four classes, particularly the relation of the former three to the 
latter one. We construct a series of examples which, besides hedding light on the 
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intrinsic qualities of orthomodular posets, may find applications in the area of 
quantum theories. We have refined the construction so that all the examples have 
become ort homodular lattices. 
Notions and results 
Let us first review a few basic definitions (see [S]). 
Definition 1. An orthomodular poset is a triple (t, 2, ‘), where L is a nonvoid set 
endowed with a partial ordering 2, and where ’ is a unary operation on L such that 
(i) there is a least element 0 in L, 
(ii) if a,bEL and if ash, then a%&‘, 
(iii) if aE L then (a’)‘= a, 
(iv) if a, b E L and if al b’, then avb, a’Ab’ exist in L (the symbols V, A mean the 
lattice-theoretic operations induced by s), 
(v) if a,beL and if ash then b-av(bl\a’), 
(vi) if {a, 1 k IV) is a sequence of elements of L and if ai la; for any distinct 
i, je/V then vp”, a, exists in L. 
The letter L will be reserved for othomodular posets throughout he paper. 
Definition 2. A mapping m : L -+[O, 1) is called a (probability) measure if 
(i) m(l)= I, 
(ii) m(V,” I ai) = 1: 1 m(a,) whenever a, s aj for any distinct indices 
Proposition I. If m is a measure on L and if a s b then m(a) I m(b). 
Proof. Trivial. 
i,jeN. 
Definition 3. Two elements a, b E L are called compatible (in symbols: a++ b) if there 
exist three elements al, bl, CE L such that 
(i) al 5 b;, 6, SC‘, a, SC’, 
(ii) a=a,\lc, b= b,vc. 
Proposition 2. (i) ff a I b then a++ 6. 
(ii) Id awb then avb, anb exist in L and we have al\b =O if and only if ac b’. 
(iii) a-b ifand only ifa-b’. 
Proof. See [S], [IO], or others. 
lefinition 4, An orthomodular poset L is called reasonable if for any a E L, a # 0 
lere cuktc a rrreasurle m on L such that m(a) = 1. 
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There exist orthomodular posets which are not reasonable (see [2], [9]). 
Obviously, such orthomodular posets do not have much relevance to quantum 
met hanical theories . For this reason all the orthomodular posets we shall deal with 
in the sequel are assumed to be reasonable. 
We shall now introduce the four classes in question. We denote them by Y1, &, 
&, Yd (the class _Yi’ will play an auxiliary role). The classes will be determined by the 
following requirements: 
L E Yi’ u if a s b then there exists a measure M on L such that m(a) = 1, m(h) f 1. 
L E Yl H if aoOb then there exists a measure m on L such that m(a) = 1, m(b) f 1. 
L E -U, e if a+6 and we are given a positive E then there exists a measure m on L 
such that m(a) = 1, m(b) 1 1 - e. 
L E Y3 e if a+b then there exists a measure m on L such that m(a) = 1 = m(b). 
L E .& 5) if a+b then there exists a two-valued measure m on L such that 
m(a) = 1 = m(b). 
The above classes &‘, Yi, i = 1,2,3,4, have naturally appeared - sometimes in an 
implicit form - in the process of development of the foundations of quantum 
theories (for Yr’, YJ, yk see [3], [J], [S], for & see (81). In the sequel we intend to 
shed light on their mutual relations. 
Theorem 1. (i) _ri”i =Y[. 
(ii) .PU:,C Y;CYiCoY;. 
Proof. (i) The relation yi’C 91 is trivial. Let us suppose that a $ b. If at* b then we 
can write a=alVc, b=b,vc, where al,bl,c are mutually orthogonal (i.e. a,<b;, 
bl~ c’, cc a;). Obviously a1 #O, otherwise ac b which is not the case. Take a 
measure m on L such that m(al) = 1. Then m(a) 2 m(al) = 1 and therefore m(a) = 1. 
On the other hand, al 5 b;,al SC’ and therefore a1 s b;Ac’= (b,vc)‘= b’. It follows 
that a; ~b which implies that m(a;) = 0~ m(b). Hence m(b) = 0 and the proof is 
finished. 
(ii) The inclusions &C L$ c =Y2 are obvious. Let us show L&C ~8'~. If a+ b then 
a+ b’ and there is a measure m on L such that m(a) = 1, m(b’) 2 f . Since 
m(b) = 1 - m(b’), we see that m(b) c + which we wanted to obtain. 
Theorem 2,, Ail the inclusions in Theorem 1 are proper. 
Proof. 1. Y;s -is;. As an example we may take the lattice L(U) of all projectors of 
a separable Hilbert space H. By the famous theorem of Gleason (see [l]) we see that 
L(H) E PI. If we take for a, b E L(H) two noncompatible one-dimensional subspaces 
of H then there is only one measure m on L(H) for which m(a) = 1. Since m(b) # 1, 
we obtain that L(H) $ Y;. 
One can even construct a finite example. We shall describe it (and also other 
examples in the sequel) by a Greechie diagram. We assume that the reader is familiar 
with the interpretation of Greechie diagrams and with the laws for constructing 
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Fig. 1. 
them (see [2], [9]). Let us only recall that the ‘points’ of the diagram are to be inter- 
preted as the atoms of the corresponding orthomodular poset and the line segments 
as maximal Boolean oubalgebras (Boolean blocksj. There is one-to-one relation 
between measures on the corresponding poset and so called ‘weights’ on the 
Greechie diagram (see [2), [!J]). Recall that a weight is a (nonnegative) evaluation of 
the points of the diagram such that the sums over Boolean blocks equal to 1. We 
shall speak of the weights as if they were the corresponding measures. 
One observes easily that the orthomodular poset L given by the diagram shown in 
Fig. 1 belongs to L/~ (see also (2)). On the other hand, if m(a) = 1 and m(b) > +, then 
m(c) = m(d) = 0, m(g) < + and m(h) c 8. It follows that m(e)>+, m(f)>+ and 
therefore m(e) + m(k) + m(f) > 1. This is a contradiction. 
2. 1 4 s;: Y 2. The desired example must be infinite as we shall show in Theorem 3. 
We determine it again by a Greechie diagram (Fig. 2). 
b 
4 
6 
Fig. 2. 
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Let us begin by showing that L determined by the diagram does belong to ~8.. One 
checks easily that if we take noncompatible atoms p, q E L, (p, q) + (a, b) then there 
is a measure m on L such that m(p) = 1 = m(q). Suppose now that an e be given, 
E E (0, 1). We shall show that there is a measure on L such that wa(a) = 1, m(b) = I- e. 
Indeed, we put m(e) = 0 and we evaluate fi, Ci, i= 1,2,3, . . . , such that m(J) = E, 
m(cJ = 1 - e. One has now to evaluate the atoms Zi, i = 1,2,3, . . . , SO that C E 1 m(z,-) = 1 
which is easy. (One can do it even such that only finitely many zi have a positive 
evaluation .) 
1On the other hand, if m(a) = 1 = m(b) for a measure m on L then m(d) = m(e) = 0 
and also m(cJ = 1 for any i = 1,2,3, . . . . This leads to a contradiction since we would 
have m(d) + m(e) + CL, m(zJ = 0. 
3. oy&$-Ep3. Let a(R) be the a-algebra of Bore1 subsets of the real line R. It is well 
known that all two-valued measures on R are concentrated in a point of R. It 
follows that if we take the ideal I of all countable subsets of R and put L = i@(R)/I 
then L does not possess any two-valued measures and therefore L E 2; - .Y& 
There are even finite examples. One of them is given by the Greechie diagram 
shown in Fig. 3. 
Let us check first that the corresponding orthomodular poset belongs to 9;. If 
p, q E L are noncompatible atoms of L and (p, q) #(a, b) then a simple computation 
yields that we have m(p) = 1 = m(q) for a measure m on L (even for a two-valued 
one). As regards the atoms a, b E L, put m(a) = 1 = m(b) and m(cl) = m(c2) = m(d,) L- 
m(dz) = m(e,) = m(e2) = m( f,) = m( f2) = +. One checks easily that the latter evalua- 
tion can be extended to a measure on L. 
Let us show now that L $ Y4. Suppose that m(a) = 1 = m(b) for a two-valued 
measure m on L. If m(cl) = 1, then m(dl) =O. Further, m(fi) =0 and therefore 
m(f2) = 1. It follows that m(d2) = 0 and we have m(dl) + m(dz) = 0 which is clearly 
absurd. If m(c,) = 0 then m(c2) = 1 and we derive a contradiction by showing that 
m(el) + m(e2) = 0. The proof is complete. 
a b 
Fig. 3. 
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The foregoing examples are complemented by the following result. 
Theorem 3. If L is finite and L E 3 2 then L E :j3. 
Proof. Let L E ;/2 and let a+b. For any n E N take a measure m, such that 
m,(a) = 1, m,(b) 2 1 - 1 /n. We may find a subsequence mnk of m, such that m,,(c) 
converges for ali CE L. It follows from the finiteness of L and from the fact that the 
(bounded) sequence m,(c) has a convergent subsequence. (Technically, we order all 
elements of L in a finite sequence and we successively choose a suitable subsequence 
of m,.) Define a mapping m : L-+[O, 1) by putting m(c) = lim,,, m,,(c). Obviously, 
m(a) = 1 and m(b) = 1. We have to show that m is a measure on L. Clearly m( 1) = 1. 
Suppose that m(eVf)> w(e) + m(f) for some elements e, gE L, elf ‘. Then, for a 
N, we have m,,(e\/f) > m,,(e) +- m,,(f) and this is absurd. The proof is 
comijlete. 
Let us finish our mvestigations by observing a few structural properties of the 
classes. It is obvious ,that all the classes are closed under the formation of 
‘canonical* products (see [3], [SJ) and under the formation of ‘subobjects’ 
(considered as full substructures). They are not closed under the formation of 
quotients, since any orthomodular poset is an epimorphic image of an element of y4 
(see 141, 171). Moreover. this epimorphism can be chosen so that it is one-to-one on 
central (=absolutely compatible) elements. We interrd to investigate these and other 
structural properties of orthomodular posets elsewhere. 
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